We examine analytically, numerically, and experimentally the phase shift incurred by a soliton pulse when it collides with a copropagating, orthogonally polarized soliton pulse in a highly birefringent optical fiber. Use of a well-known average variational principle and a Gaussian ansatz reduces the dynamics to a set of ordinary differential equations for which an approximate analytic solution is found in the case of highly birefringent fibers. The analytic approximation is shown to be in good agreement with the full numerical model and experimental data, allowing it to be used as an evaluation tool for the design of nonlinear optical loop mirror switches.
INTRODUCTION
As the demand for higher bit rates in optical communications continues to grow, ultrafast switching and data processing methods for local area networks have become areas of increasingly focused research. Optical fibers are inexpensive, low-loss waveguides and exhibit the types of nonlinearity that can be exploited in making ultrafast alloptical switching devices. Fiber ring reflectors, also known as Sagnac interferometers, have proved to be most convenient and versatile for all-fiber switching implementations, and many devices have been demonstrated as demultiplexers of ultrafast optical pulses with high switching contrasts. [1] [2] [3] [4] [5] [6] One of the major drawbacks of all-fiber optic switches has been the long fiber lengths that are required by the extremely low nonlinear coefficient of silica. These long spans of fibers (Ϸ1-5 km) have been a source of severe latency, which is unacceptable for systems implementation. As an alternative, we examine here soliton-soliton collisions in highly birefringent, polarization-maintaining fibers as a means of generating large nonlinear phase shifts in relatively short segments of fiber (2-10 m). Moores et al. 7, 8 studied numerically and experimentally the interaction between two first-order orthogonally polarized solitary pulses in a polarization-maintaining fiber loop switch. Here we extend these studies to collisions between a higher-order (N ϭ 5) soliton control pulse and a first-order orthogonally polarized signal pulse. Further, we present direct experimental measurements of the nonlinear phase shift imposed on the signal pulse during one collision.
Although the mechanism (cross-phase modulation) responsible for the collisional phase shift is well understood, numerical models are typically necessary to understand the complicated nonlinear dynamics of the soliton-soliton collision. We present a well-known average variational method that can be used to generate a reduced model for the pulse dynamics. The reduction allows the pulse dynamics to be described by a simple set of ordinary differential equations (ODE's). In an appropriate limit, these ODE's can be approximated by exact analytic solutions that are shown to be in good agreement with the experimental measurements and with the numerical results. Formulation of the model, which includes the appropriate governing equations and scalings for the copropagating and orthogonally polarized solitons, is introduced in Section 2. Section 3 outlines the basic principles of the variational method as applied to the governing equations. The reduced set of equations is analyzed in Section 4, and an appropriate limit is explored that gives analytic results for the collisional phase shift. Section 5 compares numerical simulations with the reduced model and the analytic solution. Experimental results are discussed in Section 6. The paper concludes in Section 7 with a brief summary of the results.
FORMULATION
The evolution of orthogonally polarized optical pulses copropagating in a birefringent fiber is governed by the coupled nonlinear Schrödinger (NLS) equations [9] [10] [11] i ‫ץ‬u ‫ץ‬z ϩ 1 2
where u represents the signal pulse and v the orthogonally polarized control pulse, and Eqs. (1) are written in the rest frame of the signal pulse. The variable t represents the time in the rest frame of the signal divided by the pulse width t 0 ϭ 200 fs (full width at half-maximum), u and v are the field envelopes divided by the peak field amplitude of the signal pulse E 0 , and z is the physical distance divided by the dispersion length z 0 such that
gives the peak power of a one-soliton pulse and
Here D Ϸ 12 ps/(km nm) is the group-velocity-dispersion coefficient, n 2 is the nonlinear coefficient of the fiber, A eff is the effective cross-sectional area of the fiber, and 0 ϭ 1.55 m and c are the carrier's wavelength and the free-space speed of light, respectively. The parameter ␦ in Eqs. (1) is a scaled measure of the group-velocity difference (slip) between the fast and the slow axes and is given by
where V g u and V g v are the group velocities of the signal and the control pulses, respectively (dk/d ϭ 1/V g ), and it is assumed in the last approximate equality that ⌬n Ϸ 5 ϫ 10 Ϫ4 ӷ (d/d)(⌬n). This final assumption requires that (d/d)(⌬n) Ӷ 10
Ϫ18
. Although this assumption is not completely justified, we adopt it here and discuss it further in Section 6.
In linearly birefringent fiber, which is of interest here, B ϭ 2/3, and Eqs. (1) are no longer integrable by the inverse-scattering transform. 12 This is in contrast to the uncoupled NLS equation (B ϭ 0), which is valid for both the u and the v dynamics when the pulses are well separated. As a result, the coupled NLS equations no longer support solitons in the strict mathematical sense; rather, solitonlike pulses are observed. 13 However, in the remainder of this paper we refer to these solitonlike pulses as solitons.
For well-separated and noninteracting soliton pulses the dynamics of both the u and v pulses reduce to the standard NLS equation for which the soliton solutions are well known. In particular, the one-soliton solution for the signal pulse is simply given by
There is no loss in generality in assuming a solution of this form because the NLS equation can always be transformed to bring any single soliton to this form. Thus a one-soliton pulse will experience a phase shift (linear in z) that is due to the exp(iz/2) phase factor, which is a result of self-phase modulation (SPM). The situation is much more complicated for interacting pulses.
In general, the dynamics of the nonlinear interaction between colliding pulses as given by Eqs. (1) is difficult to understand analytically inasmuch as it involves a complex set of interactions among various physical effects. Thus one is often left with numerical simulations of Eqs.
(1) as the only tool with which to explore the dynamics. Such numerical simulations are computationally expensive and do not provide insight into how the various physical effects contribute to the dynamics. We therefore introduce an average variational method that reduces the two nonlinear partial differential equations to an appropriate set of ODE's. We show that the reduced model lends significant insight and computational savings to the full equations [Eqs. (1) ] and further provides an analytical solution for the collisional phase shift in the case of high-birefringence fiber.
VARIATIONAL METHOD
The average variational method 14 used here was introduced by Anderson 15 for a better understanding of the NLS equation. It was later used by Ueda and Kath, 13 Wang et al., 11 and Kaup et al. 16 for coupled NLS equations (1) . The essential idea of the variational method involves choosing an appropriate pulse-shape ansatz whose free parameters are allowed to vary as a function of distance. Provided that the ansatz and the associated free parameters are chosen in a reasonable fashion, the variational method can provide quite accurate results 11, 13, 15, 16 and lend significant insight into the nonlinear pulse dynamics.
Although the variational method is outlined elsewhere, 13, 15 we include a brief summary of it here for completeness. The fundamental physical principle involved in this approach is rooted in Lagrangian methods for classical mechanics, 17, 18 i.e., particle trajectories follow a path of least resistance. This requires the dynamics to minimize a certain energy integral (Hamilton's principle), which leads to the well-known EulerLagrange equations 17, 18 of classical mechanics. We restate the governing coupled NLS equations (1) 
where L is the Lagrangian density, given by
We determine the Lagrangian density by requiring the parameters u and v to obey the variational principle such that
where p ϭ u, u*, v, v*, with ‫‪p‬ץ/ץ‬ z ϭ ‫ץ/ץ‬ (dp/dz) and ‫‪p‬ץ/ץ‬ t ϭ ‫(ץ/ץ‬dp/dt).
Given then an initial ansatz with appropriately chosen free parameters (i.e., amplitude, width, central position, etc.), the Lagrangian L can be evaluated by means of Eq. (6) . We can find a reduced system of ODE's by recalling that the free parameters are functions of z. Therefore variations with respect to each of the free parameters satisfy the Euler-Lagrange equations, 17, 18 so
where is an ansatz free parameter and ‫ץ/ץ‬ z ϭ ‫(ץ/ץ‬dp/dz). This reduces the complicated coupled NLS equations to a simplified system of ODE's.
The particular case of a hyperbolic secant ansatz has been studied extensively by Ueda and Kath 13 and by Wang et al. 11 In both cases the dynamics were reduced to a set of eight coupled ODE's that give relatively accurate results at a fraction of the computational expense of Eqs. (1) . However, one is still left with a computational problem for the reduced system because an analytical solution of the reduced ODE's is intractable.
In the reduced model developed here we assume that the fundamental interaction occurs between the phase and the central position parameters. We can obtain further simplification by assuming that the pulses have a Gaussian rather than a hyperbolic secant shape. 15, 16 This gives an ansatz of the form
where A (у1), , and W are real, fixed constants and the six free parameters that depend on z are V i , t i , and i (i ϭ 1, 2). These three parameters represent the velocity of the central position, the central position, and the cumulative phase, respectively, of the Gaussian pulse.
In general, approximating the nearly hyperbolic secant profiles by Gaussian profiles leads to errors in the reduced dynamics. However, this error can be substantially reduced by appropriate choices of the parameters and W.
In particular, we require the pulse energy (͉͐u͉ 2 dt) to be equivalent in the cases of both a hyperbolic secant and a Gaussian ansatz. Making use of Eq. (10a) and it hyperbolic secant counterpart, we find that
Requiring the pulse energy to be equal in either case leads to the condition
Note here that the parameter A in Eq. (10b) corresponds to the usual soliton amplitude given for the hyperbolic secant ansatz, i.e., an N ϭ 3 soliton corresponds to A ϭ 3. The criterion in Eq. (12) is important, as the phase shift that is due to collision is strongly dependent on the total energy of the control pulse as opposed to the actual pulse shape. A second equation involving and W will be derived below, allowing for the explicit evaluation of each. The Lagrangian L as given by Eq. (6) can now be evaluated by use of the ansatz of Eqs. (10) and the variations as given by Eq. (9) . The complicated set of partial differential equations [Eqs. (1) ] reduces to a simple set of four coupled ODE's:
Note that the parameters 1 and 2 do not appear in Eqs.
(13) because they are completely determined by the remaining parameters of the problem, i.e., A, , W, V i , and
Before proceeding to discuss the phase shift incurred from a collision, we first calculate the total phase shift acquired by the signal pulse. The phase shift incurred by the pulse is captured by the parameter 1 , which we determine by requiring that the ansatz in Eqs. (10) satisfy coupled NLS equations (1). Plugging Eqs. (10) into Eqs.
(1) then gives
where it is assumed that 1 ϭ 0 at z ϭ 0. A similar expression can be obtained for the parameter 2 , which is the cumulative phase of the control pulse.
COLLISIONAL PHASE SHIFT
The averaged variational principle produces a reduced set of equations that provides a greatly simplified description of the pulse dynamics. In particular, on assuming the Gaussian ansatz in Eqs. (10), we arrived at the four coupled ODE's given by Eqs. (13) with the cumulative phase shift given by Eq. (14) . We can further simplify the reduced model by noting that
where it is assumed that t 1 ϭ 0 at z ϭ 0 and t 2 ϭ ⌬t at z ϭ 0, so the initial signal pulse and control pulse separation is ⌬t. Thus the four coupled ODE's have been reduced to just two coupled ODE's involving t 1 and V 1 :
Once solutions for V 1 and t 1 are obtained, the control pulse parameters V 2 and t 2 can easily be determined from Eqs. (15) . In general, Eqs. (16) are difficult to solve analytically. However, numerical simulations of Eqs. (1) show that the central position of the signal pulse is shifted only slightly by the rapid collision between the control and signal pulses. From this observation it is reasonable to assume that t 1 remains small after the collision. This approximation greatly simplifies Eq. (16b) because then
and the approximate equation for the parameter V 1 reduces to
A simple integration then yields the solution of relation (18):
so, for t 1 Ӷ 1, both V 1 and t 1 can be evaluated explicitly. We now address the approximation of inequality (17) concerning the size of t 1 . To this end, we evaluate t 1 , using relation (19) . From Eq. (16a) we find that for some length of fiber L
If initially the pulses are well separated (a few pulse widths apart) and if after a length L the pulses have collided and once again are well separated, the integral in relation (20) can be approximated by a complete integral. The integral is then evaluated explicitly, giving the signal's central position shift as
where use has been made of Eq. (12) . We can then determine the parameter regime for which the approximations given by relations (19) and (20) are valid. In particular, the fundamental assumption was that t 1 Ӷ 1, which from relation (21) implies that
Thus the approximation holds as long as the interaction is rapid, i.e., the slip parameter ␦ is large and the initial control pulse amplitude is not too high. The evaluation of the corresponding phase shift given by Eq. (14) is difficult and requires numerical integration. However, in keeping with the spirit of the above approximation, the phase-shift calculation can also be greatly simplified in the t 1 Ӷ 1 limit. Thus, for t 1 Ӷ 1, the phase shift at the center of the signal pulse (t ϭ 0) is
Notice that the cumulative phase shift is essentially given by a linear (in z) contribution and an integrated contribution that is due to collision. Specifically, the first term on the right-hand side of relation (23) gives the self-phase shift expected from the NLS equation (5) that is due to SPM. Until now, the parameters W and have been arbitrary. However, we can fix these constants by noting that the phase shift of the signal pulse for well-separated pulses should match the SPM contribution of the singlesoliton pulse as given by Eq. (5). This requires that
which gives a second equation involving W and . Making use of Eq. (12), we find that
By considering the ϩ case, we find that ϭ 1.3649 and W ϭ 0.7336 (the Ϫ case gives ϭ 0.8267 and W ϭ 5.4519 and can be used equally well). We can evaluate the integral in relation (23) by assuming that the lower limit of integration can be approximated by Ϫϱ. Inasmuch as the Gaussian is localized about z ϭ ⌬t/␦, this is a good approximation. Further, if we recall that A/␦ Ӷ 1, we find that the cumulative phase shift is given by
͕erf ͓ͱ2/W͑ ␦z Ϫ ⌬t ͔͒ ϩ 1͖, (26) where erf( ) is the standard error function. 19 In practice, we are interested only in the total collisional phase shift incurred by the signal pulse. In this case erf( ) → 1, and the collisional phase shift (which is due to cross-phase modulation only) is given by
where we have subtracted the phase shift (z/2) that is due to SPM, i.e., the first term on the right-hand side of relation (26). Note that the final analytic expression is given in terms of the relevant physical parameters, i.e., wavelength, dispersion, pulse width, and initial control pulse amplitude. Thus, through the averaged Lagrangian formulation, we have been able to reduce the dynamics of the soliton collision to a simple system of ODE's that in the appropriate limit (A/␦ Ӷ 1) reduces the collisional phase shift to the simple algebraic expression given by Eq. (27). Although several approximations are involved in deriving Eq. (27), they will be shown in Section 5 to be quite accurate in determining the collisional phase shift experienced by the signal pulse. Finally, it should be noted that soliton perturbation theory can also be used in evaluating the collisional phase shift. However, the result is given in terms of a nontrivial integral, which must be evaluated numerically, and its range of validity is not clear.
NUMERICAL RESULTS
To verify the analytic approximations made in Sections 5 and 6, we carry out extensive numerical simulations. Specifically, the accuracy of the reduced set of ODE's given by Eqs. (13) is explored. Further, the approximations that give rise to relations (26) and Eq. (27) in the limit of A/␦ Ӷ 1 are investigated. Unless stated otherwise, the parameter values used in the simulations are D ϭ 12 ps/(km nm), ⌬n ϭ 5 ϫ 10 Ϫ4 , t 0 ϭ 200 fs, and 0 ϭ 1.55 m. Initially, the pulses are separated by Ϸ1.7 ps. The numerical routine used to simulate Eqs. (1) utilizes a fourth-order Runge-Kutta method in time and a filtered pseudospectral method in space. 20 This procedure combines the advantages of split-step 21 and explicit Runge-Kutta 22 methods, yielding a relatively simple fourth-order scheme with improved numerical stability. The reduced system given by Eqs. (13) is numerically solved by the same fourth-order Runge-Kutta method as that used in the partial differential equation solver for Eqs. (1).
In Fig. 1 the initial pulse profile and the final (timeshifted) pulse profile are depicted, along with the phase shift incurred in a collision with an A ϭ 3 soliton control pulse (left-axis label). Note once again that the onesoliton signal pulse is relatively unaffected by the collision. Specifically, the pulse simply is shifted by Ϸ 8 fs. It should be noted that relation (21) predicts a time shift of Ϸ 7.5 fs. The collisional phase shifts calculated from the full numerical simulations, the reduced ODE model, and the analytic expression in Eq. (27) are also plotted (right-axis label) and are seen to be in good agreement with one another.
Before proceeding to ascertain the errors incurred in the analytic model as given by relation (26), we make a comparison between the reduced model and the approximations that give rise to relation (26) and Eq. (27). In particular, Fig. 2 compares the system of ODE's as given by Eqs. (16) and its approximate solutions (A/␦ Ӷ 1) as given by relations (19) and (20) for various values of the control pulse amplitude A (ϭ1, 3, 5) . The top two figures in Fig. 2 depict the instantaneous central velocity shift  (V 1 ) and the central position shift (t 1 ) for the case A ϭ 1. The analytic approximation (dotted curves) is observed to be in good agreement with the ODE model (solid curves). It is clear from the middle two figures (A ϭ 3) and the bottom two figures (A ϭ 5) that the approximation begins to break down as the value of A increases.
We now provide a direct comparison of the collisional phase shifts as predicted from numerical simulations of Eqs. (1), from the ODE model of Eq. (14), and from the analytic approximation of Eq. (27). We subtract the SPM-contribution to the phase shift and consider only the Fig. 1 . Comparison of the initial and the final pulse amplitudes that are due to a collision with a three-soliton pulse (left-axis label) along with a comparison of the collisional phase shifts calculated from the three models (right-axis label). Note that the final pulse is time shifted by Ϸ8 fs. collisional phase shift incurred in the soliton-soliton interaction. Various values of the control pulse amplitude A are considered. In Fig. 3 we plot the collisional phase shift calculated from the the full coupled NLS equations (1) (solid curves), the collisional phase shift from Eq. (14) , which is calculated from the ODE model (dotted curves), and finally the analytic approximation to the collisional phase shift as given by relation (26) (dashed curves) for three values of A (ϭ1, 3, 5) . Note that the agreement between the reduced model and the analytic approximation corresponds well to the full numerical solution. Even in the case when A ϭ 5 and the parameter A/␦ ϭ 0.404 (so it is not much less than unity), the agreement is relatively good. This is remarkable considering that we reduced an infinite-dimensional partial differential equation system to a simple two-degrees-of-freedom model whose approximate phase shift can be calculated explicitly.
Thus the simple reduced model is shown to capture the essence of the nonlinear interaction, i.e., the shifts in central position and phase. This leading-order behavior further captures, through relations (19) and (21) and Eq. (27), the fundamental dependence of the interactions on the physical parameters of interest, such as the control pulse amplitude A, the dispersion value D, the pulse width t 0 , and the birefringence strength ⌬n.
EXPERIMENTAL RESULTS
We measure the collisional phase shift experimentally by launching three optical pulses with t ϭ 1 (i.e., FWHM ϭ 200 fs) and ϭ 1.55 m into a 2-m length of Fujikura PANDA (polarization-maintaining) fiber. In this fiber, D Ϸ 15 ps/(km nm) and ⌬n Ϸ 5 ϫ 10 Ϫ4 . We used the idler beam of a Coherent Optical parametric amplifier pumped by a regeneratively amplified mode-locked Ti:sapphire laser, producing pulses at a repetition rate of 200 kHz. This beam was split into three pulses that were recombined before being launched into the fiber. The first pulse, polarized along the fast axis of the fiber, is a reference pulse. The second pulse is the control pulse, which is polarized along the slow axis of the fiber and has a variable amplitude. The control follows the reference pulse by approximately 1 ns. The third pulse, whose amplitude is set such that it forms an N ϭ 1 soliton in the fiber, is the signal pulse. The signal pulse is polarized along the fast fiber axis and is delayed with respect to the control pulse such that the birefringence of the fiber causes the signal pulse to overtake the control pulse inside the fiber.
The control pulse is modulated at 400 Hz and is separated from the signal and the reference pulses after the fiber by a polarizing beam splitter. The signal and the reference pulses are then interfered to permit us to measure the phase change on the signal induced by the control pulse. This collisional phase shift is depicted in Fig.  4 as a function of control pulse intensity. The vertical lines in the figure indicate integral soliton orders in the control pulse intensity. We compare the experimental results with the analytical model of Eq. (27) and the full numerical simulations of Eqs. (1) . As is expected from the description in Section 5, the full numerical simulations and the analytic expression are in good agreement. Recall that in relation (4) we assumed that ⌬n ӷ (d/d)(⌬n), which appears to be a reasonable assumption based on the analytical and experimental agreement. Finally, note that the measured collisional phase shifts depend almost linearly on the control pulse intensity, as predicted by Eq. (27). Fig. 3 . Nonlinear phase shift computed by means of the full coupled NLS equations (PDE model, solid curves), the reduced ODE model (dotted curves), and the approximation to the ODE model (dashed curves) for A ϭ 1, 3, 5. Much of the error observed in the case A ϭ 1 arises from the Gaussian (as opposed to a hyperbolic secant) ansatz approximation. Fig. 4 . Experimental, numerical, and analytic evaluation of the collisional phase shift of a first-order signal soliton caused by collision with a control pulse as a function of control pulse energy and peak power. The vertical lines depict the energies corresponding to integral soliton orders in the control pulse.
SUMMARY AND CONCLUSIONS
In conclusion, it has been shown that the dynamics that dictate the interaction of copropagating, orthogonally polarized soliton pulses can be significantly simplified by means of the variational formulation. The particular case of highly birefringent fiber allows for further simplification because the soliton-soliton collision is rapid and the leading-order effects of the collision are simply to shift the phase and the central position of the soliton pulses.
By use of a Gaussian ansatz, the variational formulation of the pulse evolution reduces to a simple set of coupled ODE's, which in the limit A/␦ Ӷ 1 (high birefringence) gives a simple analytic expression for the collisional phase shift. Note that the same analytic reduction is not expected with the use of a hyperbolic secant ansatz. Thus one can use the Gaussian ansatz to evaluate the phase shift experienced by the soliton signal pulse as the result of a collision with the soliton control pulse. Specifically, Eq. (27) gives the phase shift of the signal pulse that is due to a collision with an arbitrary amplitude control pulse.
Although the results given by the ODE model and by the analytic approximation are greatly simplified, they are shown to be in good agreement with both full numerical simulations and experimental results. Thus the simplified analytic expression in Eq. (27) proves to be a valuable tool for modeling and evaluating the leading-order behavior of nonlinear optical loop mirror switches, a design that relies on the soliton-soliton collisions.
This model has not included any higher-order effects that may further degrade the simplified model. In particular, the effect of intrapulse Raman scattering is expected to contribute to the pulse dynamics when pulse widths are of the order of hundreds of femtoseconds. These effects are being considered at present along with an analysis of the full nonlinear optical loop mirror switch.
